In this paper we study the integer version of the 1-3-5 conjecture and some conjectures of Sun [21, ] along this line. We establish the following two theorems via the theory of ternary quadratic forms and related modular forms. Theorem 1.1.
(i) Any n ∈ Z + can be written as x 2 + y 2 + z 2 + 2w 2 (x, y, z, w ∈ Z) with any of the following restrictions:
y + 3z + 2w = 1, x + y + 2z + 2w = 1, x + y + 2z + 2w = 2.
(ii) Let λ ∈ {1, 3}. Then any n ∈ Z + can be written as x 2 + y 2 + z 2 + 3w 2 (x, y, z, w ∈ Z) with 2y + z + λw = 1. (iii) Any n ∈ Z + can be written as x 2 + y 2 + 2z 2 + 3w 2 (x, y, z, w ∈ Z) with y +2z +3w = 1. Also, each n ∈ Z + can be written as x 2 +y 2 +3z 2 +4w 2 (x, y, z, w ∈ Z) with y + z + 2w = 1.
Remark 1.2. Our proof of Theorem 1.1 uses some regular ternary quadratic forms as well as the genus theory of ternary quadratic forms. (i) Any sufficiently large integer n with 16 n can be written as x 2 + y 2 + z 2 + w 2 with x, y, z, w ∈ Z and x + 3y + 5z ∈ {1, 4}. (ii) Any sufficiently large integer n can be written as x 2 + y 2 + z 2 + 2w 2 with
x, y, z, w ∈ Z and x + µy + νz = 1, where (µ, ν) is any of the ordered pairs (2, 3), (2, 5) and (3, 4) . Also, each sufficiently large integer n can be written as x 2 + y 2 + z 2 + 2w 2 with x, y, z, w ∈ Z and 2y + z + w = 1. (iii) Each sufficiently large integer n can be written as x 2 + y 2 + 2z 2 + 3w 2 with x, y, z, w ∈ Z and P (x, y, z, w) = 1 where P (x, y, z, w) is one of the polynomials
x + 2y + w, y + z + w, y + 2z + w.
Remark 1.4. Our proof of Theorem 1.3 involves the theory of spinor exceptional square classes for quadratic forms and some significant results on modular forms of weight 3/2.
Clearly, Theorem 1.3(i) implies that there is a finite set A ⊆ Z + such that any sufficiently large integer not in the set {16 k a : a ∈ A, k ∈ N} can be written as x 2 + y 2 + z 2 + w 2 with x, y, z, w ∈ Z and x + 3y + 5z ∈ {4 k : k ∈ N}. This provides remarkable progress on the integer version of the 1-3-5 conjecture. Note that Sun [21, Conjecture 4.5(ii) ] conjectured that any n ∈ Z + can be written as x 2 + y 2 + z 2 + w 2 with x, y, z, w ∈ N and |x +3y − 5z| ∈ {4 k : k ∈ N}. Sun [21, ] also conjectured that Theorem 1.3 remains valid if we do not require n ∈ Z + sufficiently large, but we have been unable to prove this.
We will give in Section 2 a brief overview of the theory of ternary quadratic forms and modular forms of weight 3/2 which we need in later proofs, and show Theorem 1.1 and Theorem 1.3 in Sections 3 and 4 respectively.
2. Some preparations. Let
f (x, y, z) = ax 2 + by 2 + cz 2 + ryz + szx + txy be a positive definite ternary quadratic form with integral coefficients. Its associated matrix is
The discriminant of f is given by d(f ) := det(A)/2. Our proof of Theorem 1.1 is closely related to the arithmetic theory of quadratic forms. The following lemma is one of the most important results on integral representations of quadratic forms (cf. [1, p. 129] ).
Lemma 2.1. Let f be a nonsingular integral quadratic form and let m be a nonzero integer represented by f over the real field R and the ring Z p of p-adic integers for each prime p. Then m is represented by some form f * over Z that is in the same genus as f .
Remark 2.2. According to the effective methods in [8, pp. 186-187] , one may easily obtain all the eligible numbers of the genus of an integral ternary quadratic form f .
A positive definite ternary quadratic form f is called regular if it represents every integer represented by the genus of f . Dickson was the first to study regular quadratic forms systematically and he [3, pp. 112-113] listed all the 102 diagonal regular ternary quadratic forms ax 2 + by 2 + cz 2 with 1 ≤ a ≤ b ≤ c and gcd(a, b, c) = 1, together with the structure of E(a, b, c) = {n ∈ N : n = ax 2 + by 2 + cz 2 for all x, y, z ∈ Z}.
In the present paper, we need the following well-known results from [3, pp. 112-113] . To present our proof of Theorem 1.3, we need to introduce the theory of spinor exceptional square classes for quadratic forms and some significant results on modular forms of weight 3/2. (The readers may consult [5, 7, 9, 14, 17] .)
Suppose that a ∈ Z is represented by the genus of f given by (2.1). M. Kneser [11] proved that a is represented either by all or by exactly half of the spinor genera in the genus. We say that a is spinor exceptional for the genus of f if a is represented by exactly half of these spinor genera. R. Schulze-Pillot [14] determined completely when a is spinor exceptional for the genus of f . A. G. Earnest, J. S. Hsia and D. C. Hung [6] found a similar characterization of primitively spinor exceptional numbers. In view of the work in [5, 6, 15] , there are only finitely many spinor exceptional square classes for each positive definite ternary quadratic form. Now, we introduce some basic notations which can be found in [1, 10, 12] . 
where the summation is over a set of representatives of the classes in the genus of f . Similarly, we define
where the summation is over a set of representatives of the classes in the spinor genus of f . By [5] , for each n ∈ Z + not in the spinor exceptional square classes we have
It is well known that the theta series
(with z in the upper half-plane) is a modular form of weight 3/2 (cf. [16] ). According to W. Duke and R. Schulze-Pillot's celebrated work [5] , if we write
then θ gen(f ) is an Eisenstein series, θ spn(f ) − θ gen(f ) is a cusp form with its Fourier coefficients supported at finitely many spinor exceptional square classes, and on the other hand, θ f − θ spn(f ) is a cusp form whose Shimura lift is also a cusp form. We now give a brief discussion on the Fourier coefficients of the above Eisenstein series. According to the Siegel-Minkowski formula, we have
where p runs over all primes and α p (f, n) is the local density (for more details on local density, the reader may consult [10, Section 5.6]) given by
If n ∈ N is not represented by f locally, then the nth coefficient of θ gen(f ) vanishes. If n ∈ N is represented by the genus of f and n has bounded divisibility at each anisotropic prime, then by [5, Lemma 5] we have r(gen(f ), n) n 1/2−ε for any ε > 0; the bound here is ineffective because it relies on Siegel's lower bound for the class number of an arbitrary imaginary quadratic field.
We now turn to the cusp form. According to [4] , if n ∈ Z + is not in any of the spinor exceptional square classes, then for all ε > 0, the nth Fourier
This bound is effective, as pointed out by the referee.)
In view of the above, we have the following well-known lemma (cf. [5] ).
Lemma 2.4. Let f be a positive definite ternary quadratic form given by (2.1). If n is represented by the genus of f and is not in any of the spinor exceptional square classes, and n has bounded divisibility at each anisotropic prime, then n is represented by f over Z provided that n is large enough.
We also need the following basic result on the number of spinor genera in a genus.
). Let f be a positive definite ternary quadratic form given by (2.1). Suppose that the genus of f contains at least two spinor genera. Then either r, s, t are all even and d(f ) is a multiple of 16, or p 3 | d(f ) for some odd prime p.
Proof of Theorem 1.1
Lemma 3.1. For any n ∈ Z + , we can write 88n − 11 as x 2 + 8y 2 + 44z 2 with x, y, z ∈ Z and x ≡ 1 (mod 8).
Proof. By Lemma 2.3, there are a, b, c ∈ Z with 8n − 1 = a 2 + 2b 2 + (2c) 2 . As a 2 + 2b 2 ≡ −1 (mod 4), we have 2 ab. Without loss of generality, we may assume that a ≡ 1 (mod 4) (otherwise we may replace a by −a) and
Lemma 3.2. For any n ∈ Z + , we can write 88n − 44 as x 2 + 8y 2 + 44z 2 with x, y, z ∈ Z and x ≡ 2 (mod 8).
Proof. By Lemma 2.3, we can write 2n−1 = a 2 +2b 2 +4c 2 with a, b, c ∈ Z. Without loss of generality, we assume that a ≡ (−1) b−1 (mod 4). Clearly,
So the desired result follows.
Proof of Theorem 1.1(i). (1) We first consider the restriction y + 3z + 2w = 1. By Lemma 2.3, we can write 12n−1 = 2r 2 +3s 2 +3t 2 with r, s, t ∈ Z. Clearly, 3 r and s ≡ t (mod 2). Since −1 ≡ 2r 2 + 3 (mod 4), we have 2 | r. Without loss of generality, we may further assume that
Let y = 1 − z + 2u and w = −z − u. Then y + 3z + 2w = 1 as desired.
(2) Now we consider the restriction x + y + 2z + 2w = 1. By Lemma 3.1, 88n−11 = r 2 1 +44r 2 2 +8(s+11t) 2 for some r 1 , r 2 , s, t ∈ Z with r 1 ≡ 1 (mod 8), s ≡ 2r 1 (mod 11) and 0 ≤ s ≤ 10. (Note that −r 2 1 ≡ 8(2r 1 ) 2 (mod 11).) As
Then n = x 2 + y 2 + z 2 + 2w 2 and
x + y + 2z + 2w = a + 2b + 2c = 1.
(3) Finally we consider the restriction x+y +2z +2w = 2. By Lemma 3.2, we can write 88n−44 in the form r 2 1 +8(s+11t) 2 +44r 2 2 with r 1 ≡ 2 (mod 8), s ≡ 2r 1 (mod 11) and 0 ≤ s ≤ 10. (Note that −r 2 1 ≡ 8(2r 1 ) 2 (mod 11).) As
Then n = x 2 + y 2 + z 2 + 2w 2 and x + y + 2z + 2w = 2.
In view of the above, we have completed the proof of Theorem 1.1(i).
Lemma 3.3. For any n ∈ Z + , we can write 80n − 15 as x 2 + 16y 2 + 80z 2 with x, y, z ∈ Z.
Proof. By Lemma 2.3, we can write 16n − 3 = a 2 + b 2 + 16c 2 with a, b, c ∈ Z. Clearly, a and b cannot be both even. Without loss of generality, we assume that a is odd.
Lemma 3.4. For any n ∈ Z + , we can write 120n − 15 as
This proves the desired result.
Proof of Theorem 1.1(ii). (1) We first handle the case λ = 1. By Lemma 3.3, we can write 80n − 15 = r 2 1 + 16r 2 2 + 80x 2 with r 1 , r 2 , x ∈ Z. Since r 2 1 ≡ −15 ≡ 1 (mod 16), we have r 1 ≡ ±1 (mod 8). Without loss of generality, we assume that r 1 ≡ 1 (mod 8). As r 2 2 ≡ −r 2 1 ≡ (2r 1 ) 2 (mod 5), without loss of generality we may assume that r 2 = s + 5t with s, t ∈ Z, 0 ≤ s ≤ 4 and s ≡ −2r 1 (mod 5).
Case 1: r 1 ≡ 1 (mod 16). As 5 − (−1) s 20 − 8s ≡ 2s (mod 5) and 5 − (−1) s 20 − 8s ≡ 1 (mod 16), we can write 
Then n = x 2 + y 2 + z 2 + 3w 2 and
Case 2: r 1 ≡ 9 (mod 16). As 5 + (−1) s 20 − 8s ≡ 2s (mod 5) and 5 + (−1) s 20 − 8s ≡ 9 (mod 16), we can write r 1 = 80v + 5 + (−1) s 20 − 8s with v ∈ Z. Thus 
(2) Now we handle the case λ = 3. By Lemma 3.4, there are r 0 , r 1 , r 2 ∈ Z such that 120n − 15 = r 2 0 + 6r 2 1 + 30r 2 2 . Clearly, 2 r 0 and 3 | r 0 . Without loss of generality, we simply assume that r 0 ≡ −1 (mod 4). Note that r 1 and r 2 are even since −2(r 2 1 + r 2 2 ) ≡ 6r 2 1 + 30r 2 2 ≡ −15 − r 2 0 ≡ 0 (mod 8). As r 2 1 ≡ −r 2 0 ≡ (2r 0 ) 2 (mod 5), without loss of generality we may assume that r 1 ≡ 2r 0 (mod 5). Write r 1 = 2(s + 5t) and r 2 = 2x with s, t, x ∈ Z, 0 ≤ s ≤ 4 and s ≡ r 0 (mod 5).
Case I: r 0 ≡ −1 (mod 8). In this case, r 0 = 120v + s * with v ∈ Z, where
Thus 120n − 15 = (120v + s * ) 2 + 6(2(s + 5t)) 2 + 30(2x) 2 and hence
Case II: 
Then n = x 2 + y 2 + z 2 + 3w 2 and 2y + z + 3w = 2(a + t + 6v) + b − 2t + 3v + 3(c − 5v) = 2a + b + 3c = 1.
In view of the above, we have completed the proof of Theorem 1.1(ii).
Lemma 3.5. For any n ∈ Z + , we can write 56n − 24 as x 2 + 7y 2 + 56z 2 with x, y, z ∈ Z and 2 xy.
Proof. It is easy to see that 56n − 24 can be represented by the genus of f (x, y, z) = x 2 + 7y 2 + 14z 2 . There are two classes in the genus of f , and the one not containing f has a representative g(x, y, z) = 2x 2 + 7y 2 + 7z 2 . By Lemma 2.1, 56n − 24 is represented by f or g over Z.
In view of the identity
if 56n − 24 = g(x, y, z) for some x, y, z ∈ Z with y ≡ z (mod 2) and x ≡ (y + z)/2 (mod 2) then 56n − 24 is represented by f over Z.
Suppose that 56n − 24 = g(x, y, z) = 2x 2 + 7y 2 + 7z 2 with x, y, z ∈ Z. Then y 2 + z 2 ≡ 2x 2 (mod 8) and hence y ≡ z (mod 2). Observe that
If (y + z)/2 and (y − z)/2 are both odd, then x 2 ≡ 2 (mod 4), which is impossible. Without loss of generality, we assume that (y − z)/2 is even. Hence x ≡ (y + z)/2 (mod 2) as desired. By the above, 56n−24 = f (u, v, w) = u 2 +7v 2 +14w 2 for some u, v, w ∈ Z. As u 2 + 7v 2 ≡ u 2 − v 2 ≡ 2 (mod 4), we have w = 2c for some c ∈ Z. Since u 2 + 7v 2 ≡ 0 (mod 8) and u 2 + 7v 2 = 56n − 24 − 56c 2 = 0, by [19, Lemma 3.6] we can rewrite u 2 + 7v 2 as a 2 + 7b 2 with a and b both odd. Therefore 56n − 24 = a 2 + 7b 2 + 56c 2 as desired.
Proof of Theorem 1.1(iii). (1) By Lemma 2.3, we can write 6n − 1 = r 2 + s 2 + 6x 2 with r, s, t ∈ Z. It is apparent that 3 rs and r ≡ s (mod 2). Without loss of generality, we may assume that r ≡ 1 (mod 6) and s ≡ 2 (mod 6) (otherwise we may change the signs of r and s to meet this purpose). Write r = 1 − 6w and s = 2 − 6v with w, v ∈ Z. Then 6n − 1 = (1 − 6w) 2 + (2 − 6v) 2 + 6x 2 and hence
Let y = 1 − 2v − w and z = v − w. Then n = x 2 + y 2 + 2z 2 + 3w 2 with y + 2z + 3w = 1.
(2) By Lemma 3.5, we can write 56n − 24 as r 2 0 + 7r 2 1 + 56x 2 with r 0 , r 1 , x ∈ Z and 2 r 0 r 1 . Since r 2 0 ≡ −24 ≡ 2 2 (mod 7) and 2 r 0 r 1 , without loss of generality we may assume that r 0 ≡ 2 (mod 7) and r 1 ≡ −r 0 (mod 4). Thus 56n − 24 = (56v + r) 2 + 7(s + 8t) 2 + 56x 2 and hence
Then n = x 2 + y 2 + 3z 2 + 4w 2 and
In view of the above, we have completed the proof of Theorem 1.1(iii).
Proof of Theorem 1.3.
In light of the effective method in [8, pp. 186-187] , we can characterize what natural numbers are represented by the form 5x 2 + 7y 2 + 70z 2 locally. In particular, we have the following lemma. Case 1: n ∈ k∈N {4k + 1, 4k + 2, 8k + 4}. In this case, 70n − 2 can be represented by f locally (by Lemma 4.1), and 70n−2 has bounded divisibility at 2. Thus, by Lemma 2.4, if n is large enough then 70n−2 = 5r 2 0 +7r 2 1 +70w 2 for some r 0 , r 1 , w ∈ Z. Since r 2 0 ≡ 1 (mod 7) and r 2 1 ≡ −1 ≡ 2 2 (mod 5), without loss of generality we may assume that r 0 ≡ 1 (mod 7) and r 1 ≡ 2 (mod 5). It is clear that r 0 ≡ r 1 (mod 2).
If r 0 ≡ 1 (mod 14), then r 0 = 14u + 1 and r 1 = 10v − 3 for some u, v ∈ Z, hence 70n−2 = 5(14u+1) 2 +7(10v−3) 2 +70w 2 and thus n = x 2 +y 2 +z 2 +w 2 , where x = 1 + u − 3v, y = 3u + v and z = −2u. Note that x + 3y + 5z = 1.
If r 0 ≡ 8 (mod 14), then r 0 = 14u + 8 and r 1 = 10v + 2 for some u, v ∈ Z, hence 70n−2 = 5(14u+8) 2 +7(10v+2) 2 +70w 2 and thus n = x 2 +y 2 +z 2 +w 2 , where x = u−3v, y = 2+3u+v and z = −1−2u. Obviously, x+3y +5z = 1.
Case 2: n ∈ k∈N {4k + 3, 16k + 8}. In this case, 70n − 32 can be represented by f locally (by Lemma 4.1), and 70n − 32 has bounded divisibility at 2. Thus, by Lemma 2.4, if n is large enough then 70n − 32 = 5r 2 0 + 7r 2 1 + 70w 2 for some r 0 , r 1 , w ∈ Z. Since r 2 0 ≡ 4 2 (mod 7) and r 2 1 ≡ −1 ≡ 3 2 (mod 5), without loss of generality we may assume that r 0 ≡ 4 (mod 7) and r 1 ≡ 3 (mod 5). Obviously, r 0 ≡ r 1 (mod 2). If r 0 ≡ 4 (mod 14), then r 0 = 14u + 4 and r 1 = 10v − 2 for some u, v ∈ Z, hence 70n − 32 = 5(14u + 4) 2 + 7(10v − 2) 2 + 70w 2 and thus n = x 2 + y 2 + z 2 + w 2 , where x = 1 + u − 3v, y = 1 + 3u + v and z = −2u.
Note that x + 3y + 5z = 4.
If r 0 ≡ −3 (mod 14), then r 0 = 14u − 3 and r 1 = 10v + 3 for some u, v ∈ Z, hence 70n − 32 = 5(14u − 3) 2 + 7(10v + 3) 2 + 70w 2 and thus n = x 2 + y 2 + z 2 + w 2 , where x = −1 + u − 3v, y = 3u + v and z = 1 − 2u.
Clearly, x + 3y + 5z = 4.
In view of the above, we have completed the proof of Theorem 1.3(i).
Proof of Theorem 1.3(ii). (1) We first handle the case (µ, ν) = (2, 3). In view of [10, Theorem 6.3.1, p. 148], there is only one spinor genus in the genus of g(x, y, z) = 2x 2 + 7y 2 + 84z 2 . Note that 2 is the only anisotropic prime for this genus. For any n ∈ Z + , the odd number 42n − 3 can be represented by the genus of g. By Lemma 2.4, if n is large enough then 42n − 3 = 2r 2 0 + 7r 2 1 + 84w 2 for some r 0 , r 1 , w ∈ Z. Clearly, 2 r 1 . As r 2 0 ≡ −3/2 ≡ 3 2 (mod 7) and r 2 1 − r 2 0 ≡ 0 (mod 3), without loss of generality we may assume that r 0 ≡ 3 (mod 7) and r 1 ≡ −r 0 (mod 3). Note that r 0 ≡ (7r 1 −15)/2 (mod 21). Write r 1 = 1+2s+6t and r 0 = 21v +(7s−15)/2 with s ∈ {0, 1, 2} and t, v ∈ Z. Then 42n − 3 = 2(21v + 7s − 4) 2 + 7(1 + 2s + 6t) 2 + 84w 2 and hence
Then n = x 2 + y 2 + z 2 + 2w 2 with x + 2y + 3z = 1.
(2) Now we handle the case (µ, ν) = (2, 5). By [10, Theorem 6.3.1, p. 148], there is only one spinor genus in the genus of 5x 2 + 6y 2 + 60z 2 . It is easy to see that the only anisotropic primes are 2, 3, 5. For any n ∈ Z + , the number 30n − 1 is represented by the genus of 5x 2 + 6y 2 + 60z 2 and it is relatively prime to 2 × 3 × 5. Thus, by Lemma 2.4, if n is large enough then 30n − 1 = 5r 2 0 + 6r 2 1 + 60w 2 with r 0 , r 1 , w ∈ Z. As r 0 or −r 0 is congruent to 1 modulo 6 and r 2 1 ≡ −1 ≡ 2 2 (mod 5), without loss of generality we may write r 0 = 6u + 1 and r 1 = 5v + 2 with u, v ∈ Z. Thus 30n − 1 = 5(6u + 1) 2 + 6(5v + 2) 2 + 60w 2 and hence
If we set x = 1 + u + 2v, y = 2u − v and z = −u, then n = x 2 + y 2 + z 2 + 2w 2 with x + 2y + 5z = 1.
(3) Now we consider the case (µ, ν) = (3, 4) . In light of [10, Theorem 6.3.1, p. 148], there is only one spinor genus in the genus of x 2 + 26y 2 + 156z 2 . Note that 2 is the only anisotropic prime for this genus. For any n ∈ Z + , the odd number 78n − 3 can be represented by the genus of x 2 + 26y 2 + 156z 2 . Thus, in view of Lemma 2.4, provided that n is sufficiently large we can write 78n − 3 as r 2 0 + 26r 2 1 + 156w 2 with r 0 , r 1 , w ∈ Z. As r 2 0 ≡ −3 ≡ 7 2 (mod 13) and r 2 0 − r 2 1 ≡ 0 (mod 3), without loss of generality we may assume that r 0 ≡ 7 (mod 13) and r 1 ≡ r 0 (mod 3). Write r 1 = 1 + 2s + 3t with s, t ∈ Z and |s| ≤ 1. Then 78u + 26s + 7 ≡ 2s + 1 ≡ r 1 (mod 3) and 78u + 26s + 7 ≡ 7 (mod 13), and so r 0 = 78u + 26s + 7 for some u ∈ Z. Thus 78n − 3 = (78u + 26s + 7) 2 + 26(1 + 2s + 3t) 2 + 156w 2 and hence n = (1 + 3s + t + 7u) 2 + (−s + t − 5u) 2 + (−t + 2u) 2 + 2w 2 . If we put x = 1 + 3s + t + 7u, y = −s + t − 5u and z = −t + 2u, then n = x 2 + y 2 + z 2 + 2w 2 and x + 3y + 4z = 1.
(4) Now we consider the restriction 2y+z+w = 1. By Lemma 2.5, there is only one spinor genus in the genus of x 2 +11y 2 +55z 2 . It is easy to see that 11 is the only anisotropic prime. For each n ∈ Z + , the number 55n−10 is represented by the genus of x 2 +11y 2 +55z 2 and it is relatively prime to 11. Hence, by Lemma 2.4, if n is large enough then 55n − 10 = r 2 0 + 11r 2 1 + 55x 2 with r 0 , r 1 , x ∈ Z. Since r 2 0 ≡ 1 (mod 11) and r 2 1 ≡ (2r 0 ) 2 (mod 5), without loss of generality we may assume that r 0 ≡ −1 (mod 11) and r 1 ≡ 2r 0 (mod 5). Write r 1 = s + 5t with s, t ∈ Z and 0 ≤ s ≤ 4, and r 0 = r + 55v with v ∈ Z, where r = −22s + 10. As 55n − 10 = (r + 55v) 2 + 11(s + 5t) 2 + 55x 2 , we get
. Then n = x 2 + y 2 + z 2 + 2w 2 and 2y + z + w = 1.
In view of the above, we have finished the proof of Theorem 1.3(ii).
Lemma 4.2. If n ∈ Z + is large enough, then we can write 80n − 15 as x 2 + 16y 2 + 160z 2 with x, y, z ∈ Z and x ≡ 9 (mod 16).
Proof. There are three classes in the genus of x 2 + y 2 + 32z 2 with the following three corresponding representatives:
Note that f 1 and f 2 constitute a spinor genus, while another spinor genus in this genus contains f 3 . Using the methods from [6] , one may easily deduce that 2Z 2 is the only spinor exceptional square class of this genus and it is clear that 2 is the only anisotropic prime. For any n ∈ Z + , the odd number 16n − 3 can be represented by the genus of x 2 + y 2 + 32z 2 . Thus, by Lemma 2.4, if n is large enough then 16n − 3 = a 2 + b 2 + 32c 2 for some a, b, c ∈ Z with 2 a and 2 | b. Clearly, b/2 is odd. Without loss of generality, we may assume that b/2 ≡ 2n − a (mod 4). Note that
and hence a − 2b ≡ ±9 (mod 16). Therefore the desired result follows.
Proof of Theorem 1.3(iii). (1) We first handle the case P (x, y, z, w) = x + 2y + w. By Lemma 4.2, provided that n ∈ Z + is large enough we can write 80n − 15 = r 2 0 + 16r 2 1 + 160z 2 with r 0 , r 1 , z ∈ Z and r 0 ≡ 9 (mod 16). As r 2 1 ≡ −r 2 0 ≡ (2r 0 ) 2 (mod 5), without loss of generality we may assume that r 1 ≡ 2r 0 (mod 5) (otherwise we may adjust the sign of r 1 to meet our purpose). Write r 1 = s + 5t with s ∈ {−1, 0, 1, 2, 3} and t ∈ Z. (2) Now we handle the case P (x, y, z, w) = y + z + w. By Lemma 2.5, there is only one spinor genus in the genus of x 2 + 11y 2 + 99z 2 . Note that 11 is the only anisotropic prime. For any n ∈ Z + , the number 99n − 54 is not divisible by 11 and it can be represented by the genus of x 2 + 11y 2 + 99z 2 . Thus, by Lemma 2.4, provided that n is large enough we can write 99n − 54 as r 2 0 + 11r 2 1 + 99x 2 with r 0 , r 1 , x ∈ Z. As r 2 0 ≡ 1 (mod 11) and r 2 1 ≡ r 2 0 ≡ (2r 0 ) 2 (mod 3), without loss of generality we may assume that r 0 ≡ 1 (mod 11) and r 1 ≡ 2r 0 If we set y = a + 2t + u, z = b − t − 5u and w = c − t + 4u, then n = x 2 + y 2 + 2z 2 + 3w 2 with y + z + w = a + b + c = 1.
(3) Finally we handle the case P (x, y, z, w) = y + 2z + w. In view of Lemma 2.5, there is only one spinor genus in the genus of x 2 + 5y 2 + 30z 2 . It is easy to see that 2 is the only anisotropic prime. For any n ∈ Z + , the odd number 30n − 9 can be represented by the genus of x 2 + 5y 2 + 30z 2 . In light of Lemma 2.4, provided that n is large enough we can write 30n − 9 as r 2 0 + 5r 2 1 + 30x 2 with r 0 , r 1 , x ∈ Z. As r 2 0 + 5r 2 1 is a positive multiple of 3, by [19, Lemma 2.1] we can rewrite r 2 0 + 5r 2 1 as (r 0 ) 2 + 5(r 1 ) 2 with r 0 , r 1 ∈ Z and 3 r 0 r 1 . For simplicity, we just assume that 3 r 0 r 1 . As r 2 0 ≡ 1 (mod 5) and r 2 0 − r 2 1 ≡ 0 (mod 3), without loss of generality we may assume that r 0 ≡ 1 (mod 5) and r 1 ≡ −r 0 (mod 3). Write r 1 = s + 6t with s ∈ {±1, ±2} and t ∈ Z. Also, we may write r 0 = 30u + s 0 with u ∈ Z, where If we set y = a+2t+u, z = b−t+u and w = c−3u, then n = x 2 +y 2 +2z 2 +3w 2 and y + 2z + w = a + 2b + c = 1.
The proof of Theorem 1.3(iii) is now complete.
